Omnidirectional acoustic absorber with a porous core and a metamaterial matching layer a)
I. INTRODUCTION
The aim of this work is to design, build and test an omnidirectional sound absorber consisting of a graded-index metamaterial matching layer and a hollow porous core. This structure is the acoustic analogue of the omnidirectional absorber of electromagnetic field (so called "black hole") described in Ref. 1 . It has been shown in this publication that almost complete trapping and further absorption of the incident light can be achieved if the impedance of the surrounding medium is matched to that of the absorbing core by a graded index matching layer with the wave speed linearly decreasing towards the centre of the device.
In graded-index acoustic metamaterials and sonic crystals various sound speed profiles can be achieved by introducing spatial variations of the scattering elements and their arrangement. This property has been utilized in lensing 2, 3 and sound trapping 4, 5 structures. The 'black hole' effect has been already investigated for flexural waves in thin plates for which the required gradual reduction in wave velocity with distance from the edge x can be achieved by changing the plate local thickness as x m , with m ! 2. This principle has been applied to achieve efficient damping of flexural vibrations in the form of 1D power law wedges with their sharp edges covered by damping materials. 6 It is shown that 'black holes' for flexural waves are capable of efficient absorption of structural vibrations while using only small amounts of attached damping materials which would otherwise have been insignificant.
A number of publications have also appeared since 2011 describing the design of omnidirectional absorbers (OA) of sound. For example, in Ref. 7 , a cylindrical device is modeled assuming that the desired sound speed profile in the matching layer can be achieved by varying the effective bulk modulus while the effective density stays constant (the host medium was assumed to be water in this case). In Ref. 8 , a cylindrical OA with an arbitrary contour is proposed with a double negative metamaterial matching layer. In Ref. 9 , a small cylindrical device with a matching layer and absorbing core composed of multiple small rods with varying filling fraction was tested. The device was shown to be more effective than the absorbing core alone, absorbing up to 80% of incident energy in the frequency range above 1.2 kHz.
In this work a cylindrical OA is designed for the absorption of low frequency sound, i.e., the range where typical porous sound absorption materials are not effective unless they are very thick. One way to overcome this problem is to use multilayered porous treatments 10 and porous materials with continuous pore stratification 11 where a gradual impedance matching with air is achieved.
The idea of combining porous absorbers and metamaterials to improve absorption has become popular in recent years. It has been shown that performance of porous absorbers at low frequencies can be improved by embedding the resonant scatterers. 12, 13 However, the absorption of these structures varies with the angle of incidence.
The design described in this paper is aimed at achieving good absorption at low frequencies irrespective of the angle of incidence. It is based on surrounding the porous absorber by a graded index impedance matching layer, where the impedance matching and the desired wave speed profile are achieved by varying the filling fraction of small scatterers (with radius much smaller than the wavelength of sound); with both their size and the spacing between them being varied. Only a relatively thin layer of common porous absorber (mineral wool) is used for the absorbing core leaving the interior of the structure empty. To validate the model and the design, the full size structure was built and tested in an anechoic chamber.
a)
The paper is organized as follows. In Sec. II, a semianalytical model which is used to design the structure is described. In Sec. III, the design of the OA is described. The performance of the optimised structure is compared to that with the approximate matching layer in Sec. IV, where the influence of the porous core thickness and backing conditions on the structure performance are also investigated. In Sec. V, the measurements carried out to validate the model are described. In Sec. VI, the influence of the 3D effects on the data obtained are quantified by comparing it with predictions of 2D and 3D finite element (FE) models of the OA, and the semi-analytical model is validated indirectly by comparing its predictions to those of the 2D FE model. Finally, in Sec. VII, the model is extended to include the viscous and the thermal losses in the matching layer, and the main findings are summarized in Conclusions. Figure 1 (a) is a cross section of a cylindrical OA, or "black hole," comprising a metamaterial matching layer (2) and a full porous core (3) . In this section of the paper, a 2D semi-analytical model used to design the OA is described.
II. THE MODEL

Shown in
Consider a cylindrical layer with outer radius R, inner radius R c , and a radially varying effective density
and effective bulk modulus
Here, q 0 is equilibrium density of air, c is adiabatic speed of sound in air, aðrÞ and jðrÞ are normalised effective properties which will be considered in the following. The wavenumber k(r) and the characteristic impedance Z(r) of the layer vary with distance r to the centre as
where k 0 ¼ x=c, Z 0 ¼ q 0 c, and x is angular frequency of sound. The pressure inside the layer R c < r < R can be represented as a Fourier series
where Consider a regular array of infinitely long rigid cylinders with radius a and varying filling fraction F(r). For a low frequency wave (k 0 a ( 1) propagating in the plane perpendicular to cylinder axes, this array behaves as a medium with the following effective properties:
Here, viscous and thermal losses in the array have been neglected, however, their influence will be considered later in Sec. VII. According to Eqs. (6) and (3), the wavenumber and characteristic impedance of the medium vary as
and to achieve kðrÞ $ 1=r, so that
the filling fraction should increase towards the centre of the cylinder as
which leads to the following radial dependence of the normalised effective density and bulk modulus
The variations of the characteristic impedance with the radius are described by the following equation: 
Z r
As F r ð Þ < F cp , where F cp is close packing filling fraction, the inner radius of the matching layer has a lower bound:
Substituting (8) and (10a) in (5), the following equation for functions p m in series (4) is derived:
Pressure variations inside the full porous absorbing core (Figure 1(a) ), r < R c , and outside the device, r > R are described as
where k p is wavenumber of the porous material and J m is Bessel function of the first kind of order m. An incident plane wave with a unit amplitude is assumed. The scattering coefficients A m and B m are defined from matching the pressure and radial particle velocity component on the absorber/matching layer interface R c and the structure outer radius
where a p is normalised effective density of a porous absorbing material. It is then convenient to introduce the function q m ðrÞ ¼ p 0 m ðrÞ=p m ðrÞ, so it is then followed from Eqs. (13c) and (13d) that
where q m ðRÞ is calculated from the following equation (obtained from (11)):
with a boundary condition which follows from (13a) and (13b)
Equation (15) is solved numerically using explicit finite difference scheme. If the absorbing core is hollow (as shown in Figure  1(b) ), so the porous absorber has thickness l; inside the porous layer, R i r R c , where ð Þ ; (17) and in the inner part of the sructure, r R i , the pressure is
A porous layer could have no backing or perhaps be rigidly backed depending on the application. Thus, in the first case, boundary conditions of pressure and radial velocity continuity at r ¼ R c and r ¼ R i would be applied to calculate the scattering coefficients B m , and, in the second case, a zero radial velocity condition is applied at r ¼ R i . As a result, the scattering coefficients are calculated using the existing Eqs. (14) and (15), however the boundary condition (16) should be replaced by the following one:
where, for an open layer,
and, for a rigidly backed layer,
The porous absorber outer radius R c should be defined from impedance matching condition between the matching layer and the porous absorber. Using Eq. (10b), the following expression is derived:
where z p is the normalised characteristic impedance of the porous absorber. It was chosen here to match the absolute value of the porous material impedance. Matching its real part would lead to a slightly different value of R c and to slight variations in the matching layer filling fraction profile.
III. DESIGN CONSIDERATIONS
A. Structure size and working frequency range
According to Ref. 1, an OA for electromagnetic waves is efficient when its size exceeds the wavelength of the radiation. However, if low frequency sound is to be absorbed, this would result in an impractically large structure. In this work, a limit on the external radius of the structure was chosen to be R ¼ 75 cm for practical reasons. The radius R was, therefore, roughly equal to the wavelength of sound with frequency 460 Hz. The upper boundary of the working frequency range is defined by the size of the rods used in the matching layer, so that they remain small compared to wavelength, i.e., k 0 a ( 1. The largest size rods used in the experiment have radius a ¼ 0.635 cm, so, for the matching layer to act as an effective medium, frequency should be much lower than 8597 Hz. This condition is satisfied in the experiments where the highest frequency is 1000 Hz.
B. Porous absorber properties
The characteristic impedance and wavenumber of mineral wool were measured in the impedance tube using a standard method 15 and the equivalent fluid model 16, 17 for rigid porous material was used to calculate the normalised effective density a p x ð Þ and bulk modulus j p x ð Þ of the porous layer according to
where g is the coefficient of dynamic viscosity of air, c is the adiabatic constant, N pr ¼ gc p =j is the Prandtl number (approximately equal to 0.71 in air at normal conditions), c p is the heat capacity of air at constant pressure, and j is the coefficient of thermal conductivity. The six material parameters required by the model are: a 1 the tortuosity, / material porosity, r the flow resistivity, j 0 0 the thermal permeability, and K and K 0 the characteristic viscous and thermal lengths. Viscous losses in porous material are accounted for in expression (23a), while those due to heat transfer between the air and the solid are taken into account in the expression for the normalised bulk modulus (23b).
The porosity value (/ ¼ 0:96) was deduced from density measurements assuming that the solid frame density is equal to that of quartz. The flow resistivity r ¼ 33 726 Pa s/m 2 was measured in the standard test. Other parameters required the model adjusted to fit the impedance and wavenumber data (Figures 2(a) and 2(b)) in the frequency range of 400 Hz-1100 Hz. This resulted in the following values:
À6 m. The calculations of the absorbing core radius R c were performed using Eq. (22) and assuming characteristic impedance matching at 1000 Hz which gives R c ¼ 62.5 cm. The filling fraction of rods in the matching layer at this location is equal to 0.44. The choice of the matching frequency was somewhat arbitrary, however, as any frequency in the chosen working frequency range could have been selected. The sensitivity of the device's performance in this respect shall be discussed in Sec. IV.
C. Approximation of the matching layer
The filling fraction profile in the matching layer defined by Eq. (9) was approximated using 6 rows of small cylinders. This provides a staircase approximation of a continuous profile as shown in Figure 3 (a). The cylinders were distributed equally over the circumference of each layer. Each layer is characterised by its lattice constant and the number of cylinders in it. These two parameters were chosen so that the desired filling fraction of cylinders in each layer was achieved. The diameter of the rods was between 0.8 cm and 1.3 cm. For the outer layer, 4 mm radius rods at 2.3 cm centre-to-centre distance were used, and for the sixth layer, 0.64 cm rods at 1.7 cm centre-to-centre distance. The lowest filling fraction, in the outer layer, was 0.09, and the outer radius of this layer was approximately 74 cm (see Table I ). A cross section of the structure is shown in Figure 3(b) .
IV. PERFORMANCE CHARACTERIZATION
In this section, the implications of the design considerations outlined in Sec. III are summarized, and the procedure for evaluating performance of the OA is outlined. In   FIG. 2 . Characteristic impedance (a) and wavenumber (b) of the mineral wool. Solid line: data, dashed line: equivalent fluid model. particular, the effect on performance due to approximations to the matching layer and the thickness of the absorbing core layer are discussed.
A. Performance descriptors
Several properties can be used to describe the performance of a finite size absorber, assuming that its main function is to minimise front reflections while keeping low pressure levels behind (shadow zone). Here, four performance descriptors are used: Angle averaged energy reflection coefficient of the frontal zone, angle averaged insertion loss (IL) of the shadow zone, angular distribution of the normalised pressure amplitude on the absorber surface, and the absorption cross section per unit length of the cylinder.
The angle averaged energy reflection coefficient,
where p i;t are pressures on the absorber surface in free field and with the absorber installed, characterizes the reduction of reflections at the front surface of the absorber. In the shadow zone, the angle averaged insertion loss (IL),
is used to provide information about the quality of the geometrical shadow of the structure. The IL is calculated as the difference between the sound pressure level with and without the structure present. Obviously, a low pressure level at a specific distance from the absorber does not necessarily mean that it is low everywhere else behind it. To overcome this, 2D maps of pressure distributions will also be plotted. The angular distribution of pressure amplitude on the absorber surface gives a visual representation of its quality. If the pressure amplitude, normalised to that of the incident wave, is close to unity everywhere in the front zone, this means that reflections are successfully eliminated. Behind a good absorber, this quantity should be as close to zero as possible.
Finally, according to Eq. (21) from Ref. 18 , the absorption cross section per unit length of a cylinder can be defined as the absorbed power, divided by the intensity of the incident plane wave and is calculated as
This quantity has been used to characterize the performance of electromagnetic OA in Ref. 19 . In acoustics, it has been used to describe the absorption by, for instance, porous cylinders. 18 However, this descriptor should be used with caution as the predicted and measured absorption cross section per unit length can exceed the actual cylinder diameter, due to the so called "edge effect." 20 This happens predominantly around resonant frequencies of the structure, however, "edge effects" are noticeable at other frequencies too. Consequently, absorption cross section does not always represent a physically meaningful quantity when applied to the structures comparable in size to the wavelength of the incident sound. For this reason, it is used here only to compare the efficiency of the device with that of the porous core alone. (9)) and its approximation. Parameters of 6 rows of small cylinders are given in Table I . (b) Cross section of OA: 6 rod layers and 10 cm mineral wool absorbing layer. To emphasize the effect of the matching layer, the performance of the OA must be compared with that of the porous cylinder made of the same mineral wool as the absorbing core and of the same size as the OA itself. This is to provide a point of reference against which the perfomance of the OA is evaluated.
However, as described in Secs. III B and III C, in real device, the matching can be achieved at just one frequency in the working range. Due to frequency dependence of the porous absorber's impedance and wavenumber, satisfying the matching condition (22) would require different matching layer profiles and porous core radii for different frequencies which is impossible to achieve in practice. For this reason, in this Section, the performance characteristics of the structure with "approximate" matching (i.e., matching achieved at 1000 Hz as explained in Sec. III B) will also be compared to that of the "optimised" device, in which the matching layer profile and core radius have been calculated to achieve impedance matching at the frequency of the incident wave (i.e., tuned to the frequency of the incident wave). This is done in order to estimate the deterioration in performance due to approximate matching.
The calculations for the structure with "approximate" matching have been performed assuming multilayered cylinder with 6 outer layers and a full mineral wool absorbing core. It was assumed that each layer is characterised by its effective wavenumber and characteristic impedance defined by Eq. (7). Thicknesses of the layers and filling fractions of rods in each of them are given in Table I . Note, that the "approximate" structure radius (74 cm) is less than that of the "optimised" device as the minimum filling fraction in the outer layer was nonzero.
The angular distribution of rms pressure on the surfaces of three structures (i.e., "approximate" device, "optimised" device and porous cylinder) normalised to that in the free field is shown in Figures 4(a)-4(c) for frequencies 300 Hz, 500 Hz, and 1000 Hz. A plane wave incident from the right is assumed. An "optimised" device providing impedance matching at these frequencies would have absorbing core radii R c of 59 cm, 60 cm, and 62.5 cm with maximum filling fractions in the matching layer of 0.62, 0.54, and 0.44, respectively. Absorbing core radii, R c , have been calculated using Eq. (22) with mineral wool impedance values corresponding to 300 Hz, 500 Hz, and 1000 Hz. Equation (9) with r ¼ R c has been used to calculate the maximum filling fractions in the matching layer.
At frequencies 300 Hz and 500 Hz, the differences in the performance of the "approximate" and "optimised" devices are due to two factors. The first factor is the impedance mismatch between the core and the matamaterial layer at r ¼ R c , while the second one is the staircase approximation of the matching layer profile. At 1000 Hz, the differences are due solely to the staircase approximation of the matching layer profile. The pressure on the front surface of the structures with "optimised" and "approximate" matching profiles is close to one, which indicates reduced reflections, while considerable frontal reflections are observed from the porous cylinder without the matching layer. Behind the structure, pressure becomes lower as frequency increases and the wavelength become shorter.
The energy reflection coefficient averaged over the front zone defined by Eq. (24) is shown for frequencies in the range of 300 Hz-1200 Hz in Figure 5 (a), and the IL averaged over the shadow zone behind the cylinder defined by Eq. (25) is shown in Figure 5 (b). For both "optimised" and "approximate" structures, the front zone reflection coefficient is lower than that of the porous cylinder alone.
The "optimised" structure provides less backscattering (higher IL) than the "approximate" one. However, below 700 Hz, the front reflections are significantly reduced, while the sound level reduction in the shadow zone of the "approximate" structure is higher than that of the porous absorber alone.
C. Influence of the porous core thickness
In this section, the performance of the structure with a hollow porous core is compared to that with a full core. The calculations are performed for the structure with an "approximate" matching layer profile. To emphasize the effect of the matching layer, comparisons are also performed with a hollow porous cylinder made of the same mineral wool as the absorbing core and equal in size to OA .   FIG. 4 . Angular distribution of normalised rms pressure on the surface. Solid line: "optimised" OA with full core, R ¼ 75 cm, dashed line: OA absorber with "approximate" matching layer profile (Table I ) and full core, dotted line: porous cylinder, R ¼ 75 cm.
In Figure 6 (a), the radial pressure distribution on the surface of the structure is shown for two different thicknesses of porous absorbing core at 500 Hz. The pressure on the surface of the hollow porous cylinder is shown for comparison. In Figure 6 (b), the distributions are shown for a structure with hard backed porous absorbing core and a hard-backed hollow porous absorber.
It is clear that the OA is efficient only when the absorbing core is not too thin because for a 3 cm thick core the structure reflects a significant proportion of the incident radiation. However, it is still more efficient than the hollow porous cylinder. For a thickness of 10 cm, however, the pressure distribution on the surface of the device with the hard-backed core is very close to that with an open core, making its efficiency independent on the boundary condition at the inner porous core surface. In the following, the performance of the device with 10 cm open porous core will be investigated.
In Figures 7(a) and 7(b), the angle averaged energy reflection coefficient of the front surface (24) and the angle averaged IL (25) behind the structures with hollow porous core of thickness 10 cm are compared with those for the structure with the full porous core and for the hollow porous cylinder with 10 cm thickness in the frequency range of 300 Hz-1200 Hz. It can be seen that the IL behind the structure decreases at low frequencies if a hollow core is used, while its values at higher frequencies are not that strongly affected by the absorber thickness. Compared to a hollow porous cylinder, the frequency (300 Hz-1200 Hz) averaged value of reflection coefficient jRj 2 is reduced by 78% for OA with 10 cm hollow porous core. As to the IL, its frequency averaged value is 12% lower for the OA with 10 cm porous core compared to that of the hollow porous cylinder alone. Improvements in the IL values are achieved below 730 Hz.
It can be concluded that the efficiency of the OA with 10 cm porous core is close to that with the full core and that decreasing the absorber thickness to 3 cm leads to strong deterioration in performance.
The absorption cross section per unit length of the structure with 10 cm porous core, calculated using Eq. (26), is 150 cm at 300 Hz, 161 cm at 500 Hz, 158 cm at 700 Hz, and 145 cm at 1000 Hz. These values are between 97% and 107% of the structure diameter (150 cm) and between 116% and 129% of the absorbing core diameter (125 cm). This confirms that in this frequency range, the structure absorbs nearly all sound incident on its surface despite the fact that no absorption is happening in the matching layer.
V. MEASUREMENTS
In order to test the performance of the OA described in Secs. II-IV, a physical prototype was constructed and installed in the anechoic chamber of the University of Salford, UK. This particular chamber provided a near reflection free environment above 100 Hz and a low background noise level for the tests. The completed OA was 125 cm in height and 148 cm in diameter as shown in Figures 8(b) and 3(b) , respectively. An omnidirectional sound source (dodecahedron), visible in Figure 8(a) , was positioned at a distance 187 cm from the device surface. The plan view of the experimental set up is shown in Figure 8(c) . 40 microphones were equally distributed around the surface of the tested structure.
In addition to the tests on the omnidirectional absorber, two additional experiments were also carried out. The first of these tests was performed on the framework of the OA so that any influence could be understood and if necessary accounted for. This is important because of the finite height of the device; the semi-analytical model used in the design process assumed infinite height, and, as a result, there may be a discrepancy between measurement and model prediction. The second additional test was performed using this same framework but lined with a 10 cm layer of mineral wool as shown in Figure 3 (a). This structure was tested to provide a point of reference against which the performance of the OA can be compared. Since the same porous absorber was used for the mineral wool cylinder and for the OA core, the difference between these measurements can be attributed to the use of the matching layer. The outer dimensions of the OA and the mineral wool cylinder were the same, so the amount of absorber material was slightly less for the OA because of the matching layer, see Figures 3 and 8 .
From these three test setups, three independent data sets were obtained:
1. 40 sound pressure readings p f measured on the surface of the frame structure, 2. 40 sound pressure readings p m measured on the surface of the mineral wool cylinder, 3. 40 sound pressure readings p b measured on the surface of the OA.
The acoustic excitation, pink noise from the omnidirectional sound source, was the same in each instance, and the 40 microphone positions were constant for each structure tested in so far as that was possible.
VI. MODEL VALIDATION
In order to comprehensively validate the 2D semianalytical model based on a 3D experiment, an intermediate step was taken. This step required the development of two FE models (3D and 2D) of the device. The 3D model was designed to mimic as closely as possible the experimental setup, i.e., the physical positioning of the source and supporting plates were replicated.
In the 3D model, the supporting plates were modeled as perfectly reflecting surfaces virtually placed in a spherical fluid domain, and an outer spherical shell was used to simulate the anechoic condition found in the chamber. The sound source was modeled as a point source. The 2D model can be considered as a free field condition since the supporting plates are not included in the model. Thus, the 2D geometry consisted of two concentric circles with the outer one being set as perfectly-matched layer.
In both cases, 3D and 2D, normal temperature and atmospheric condition were considered, and the wave equation was solved using the finite element solver Comsol In the foreground of the image is the omni-directional sound source (dodecahedron) used for the acoustic excitation. The aluminium rods forming the frame were used as the microphone attachment points. The interior of the OA showing matching layer (rods) and hollow absorbing core (mineral wool) (b). Plan view of the experimental set up (c). 40 microphones were equally distributed around the surface of the test subject.
Multiphysics. Before plotting, the data were normalised to the absolute pressure measured (physically and virtually) at the front microphone. As shown in Figure 9 (a), the free field data at 300 Hz, 500 Hz, 800 Hz are close to the predictions of the 3D FE model (including supporting plates) and deviate strongly from those of 2D due to the presence of the boards.
Pressure distributions p m measured on the surface of the hollow absorbing cylinder and p b measured on the surface of the OA are not significantly affected by the supporting plates. This is demonstrated in Figure 9(b) , where the rms pressure for the OA normalised to the front microphone reading is shown.
As before, the 3D model mimics the experimental setup, and the core material has been modeled as an equivalent fluid using Eq. (23) of Johnson-Allard model. 16, 17 The layers composing the matching layer were modeled as an equivalent fluid with effective density and bulk modulus calculated using Eq. (23). The parameters for each layer were calculated as functions of the filling fraction F and cylinder radius a using the values shown in Table I . In the medium composed of identical circular cylinders arranged perpendicular to sound propagation direction, parameters in Eq. (23) can be approximated from the knowledge of the cylinder radius a and porosity / ¼ 1 À F using Eqs. (44), (46), and (55)-(58) from Ref. 21 and assuming than Knudsen number K ¼ 0 (i.e., that the cylinders and the distances between them are large compared to the molecular mean free path). This results in the following expressions:
Due to symmetry, only a quarter of the 3D geometry was modeled. Both the 3D and 2D models give reasonably close prediction. For example, at 300 Hz, the mean error is 14.6% for the 2D FE model compared to measurements while it is 13.2% for the 3D FE model. The error was first calculated for each angle as the magnitude of the difference between the measured and the predicted values of the normalised pressure divided by the measured value. After that, it was averaged over all angles and expressed in per cent to get the mean error. This confirms that the supporting plates are insignificant in terms of the acoustic performance of the OA and validates the numerical model. showing that its predictions are very close to 2D FE model. The normalised rms pressure predictions of the semi-analytical model presented in Sec. IV for the hollow absorbing cylinder and the OA are compared to those of 2D FE model in Figure 10 . Unlike Sec. IV, the calculations were performed for a cylindrical incident wave, i.e., a point source as opposed to plane waves.
With the 2D model now validated against measurement, it can be used with some confidence to investigate further the performance of the device, for example, by considering the reduction of reflections from the OA when compared to the porous cylinder. As such, distributions of pressure for both cases are shown in Figure 11 for four frequencies. A point source with free space reference power per unit length 1 W/m is assumed, the distance between the OA centre and the source is 261 cm. The reduction of "ripples" in front of the structure is visible for all frequencies, which confirms that front reflections from the OA are less than from a porous cylinder of the same size. Pressure values behind the structure are similar, which means that both provide good shadow. The differences between the two structures are more pronounced at lower frequencies in the range which the OA was optimised for and where conventional absorber materials are known to be less effective.
VII. ANALYSIS OF LOSSES IN THE MATCHING LAYER
Losses in the matching layer (here, composed of small cylinders) will affect the OA performance if viscous and thermal boundary layer skin depths, defined as d 22 are not negligible compared to the radius of the small scatterers and the spacing between them. This implies that the performance of the absorber could be enhanced if the matching layer is multi-functional, i.e., it provides the desired wave speed profile whilst also providing some absorption. For this reason, losses in the matching layer have also been modeled as an extension to the main aims of this paper.
To account for viscous and thermal losses in the matching layer, it was treated as a rigid porous material with effective properties aðrÞ and jðrÞ defined by Eq. (23); which in the case of no losses are reduced to Eq. (6). Assuming cylindrical scatterers, Eq. (27) was used to calculate the parameters of the medium. First, the influence of losses on the performance of the experimental device is estimated (although comparisons between the semi-analytical and 2D FE models presented in Sec. IV already indicate that losses are weak). The strength of the effect depends on the cylinder radius a, the filling fraction F, and the frequency. The highest filling fraction (0.44) in the innermost layer is achieved using cylinders with radius 0.635 cm (Table I) . Half of the distance between the cylinders in this layer is 0.21 cm. At the lowest working frequency of 300 Hz, d ¼ 0:013 cm and d T ¼ 0:015 cm, which is more than 10 times smaller than the half of the distance between the cylinders. This means that the effect of losses is weak in the whole working frequency range. However, if smaller scattering elements are used in the matching layer, losses might have noticeable implications on the design and should therefore be accounted for.
As an example, consider a device with outer radius R ¼ 75 cm and with matching layer composed of cylinders with radius a ¼ 0.05 cm. The wavenumber in the lossy matching layer is complex valued, so condition (8) was applied to its real part (see Eq. (28)). This approximation is accurate only if the imaginary part of the wavenumber is small compared to the real one. In the calculation, a continuous profile of the matching layer is assumed which is justified by the small cylinder size. The absorbing core radius R c was calculated by matching the absolute value of layer characteristic impedance at this location with that of the mineral wool at 1000 Hz. This results in R c ¼ 58:4 cm. A filling fraction profile in the matching layer with losses taken into account is compared to that for the lossless layer in Figure  12 (a). It can be seen that the calculated filling fraction profile for a lossy layer is less steep than that of the lossless one: the maximum filling fraction achieved r ¼ R c is 0.41 while in the lossless matching layer, this would be 0.65. The maximum value of the ratio Imðk r ð ÞÞ=Reðk r ð ÞÞ achieved at r ¼ R c is 0.09; its smallness justifies the use of condition
Re kðrÞ
which was used to calculate the filling fraction profile F r ð Þ in the matching layer. The filling fraction dependence on the radius obtained from Eq. R, r 6 ¼ r 0 , the matricant does not contain matrix exponentials or products of matrix exponentials. It is defined by the so-called multiplicative integral satisfying the Peano expansion. [23] [24] [25] This avoids any problems related to lack of discretization when a material with continuously varying properties is approximated by a medium with piecewise constant properties. The Peano series reads as It is clear that the effect of losses is stronger at low frequencies due to growth of boundary layer skin depths. At 300 Hz: a=d ¼ 3:9, a=d T ¼ 3:3 and the half of the minimum distance between the cylinders is 0.019 cm which is less than 1.5 times bigger than d . As shown in Figure 12 (b), the OA with lossy matching layer increases the efficiency of the absorber at 300 Hz. It should be noted, however, that the lossy matching layer is more than 4 cm thicker than the lossless one, which could contribute to the effect (the outer dimensions remain the same however).
VIII. CONCLUSIONS
An omnidirectional absorber comprised of a graded index metamaterial impedance matching layer and an absorbing porous core has been modelled, built, and tested. The graded index array was created using 6 rows of subwavelength in size cylinders with varying filling fraction. The design is based on a 2D semi-analytical scattering model and 2D and 3D FE models. It has been predicted theoretically and confirmed experimentally that the matching layer offers an improvement in absorption, even when the ideal smooth grading is approximated with just six layers and even when the device radius is comparable to the wavelength of sound, it is still more effective than a porous absorbing cylinder of the same size without a matching layer.
The device with a central cavity (hollow absorbing core) is nearly as effective as that with the full core. Experiments have been performed using 10 cm open layer of mineral wool. Designs with both open and rigidly backed porous layers have been modelled and are proved effective even when absorber thickness is less than 1/4 of sound wavelength. This suggests that the absorber can be arranged around existing structures and, hence, would not require a significant amount of space. A semi analytical method has been used to account for viscous and thermal losses in the metamaterial matching layer. The calculations confirm that the effect of losses can be significant when the size of the matching layer basic units or the distance between them is comparable to viscous and thermal boundary layer skin depths, i.e., when small elements are used to achieve a smooth profile in the matching layer. It is shown, that introduction of losses in the matching layer can improve the absorber performance at low frequencies.
